
Note on j Factors for Turbulent Flow in Annuli 

In 1933 Colburn (1)  presented an 
empirical heat transfer-momentum 
transfer analogy by which j factors for 
heat transfer could be determined 
from the friction factor by the rela- 
tion 

where jH = (h/C,G) (C,p/k)"/" and is 
called the heat transfer j factor. This 
analogy has been reasonably success- 
ful in predicting turbulent flow heat 
transfer coefficients provided that the 
friction factor in Equation (1) is a 
direct measure of the shear stress at 
the wall where the coefficient is to be 
obtained. For example with turbulent 
flow in circular tubes Equation (1) is 
reliable since the fanning friction fac- 
tor is defined as 

ill = f / Z  (1) 

On the other hand Equation (1) is 
not suitable for noncircular ducts since 
the wall shear stress is variable over 
the wall at a given cross section, and 
the friction factor as usually defined 
represents an average of the wall 
stress. The situation is somewhat simi- 
lar with conceqtric annuli in that the 
shear stress, although symmetrical 
about the axis of the annulus, is differ- 
ent at the inner and outer wall. 

Several heat transfer-momentum 
transfer analogies have been proposed 
(3 ,  6 ) ,  and although they are more 
theoretical than the Colburn analogy 
they also depend on the friction factor 
which must be directly related to the 
shear stress at the solid boundary. 
Many of these analogies are applicable 
to fluids of low Prandtl number, where 
the Colburn analogy is useful for fluids 
with a Prantdl number greater than 
0.6. 

This paper presents a method by 
which the Colburn analogy (and other 
analogies which are based on the fric- 
tion factor) may be used to predict 
heat transfer j factors for the inner 
and outer wall of concentric annuli. 

The relationships presented may be 
applied to annuli of any diameter ratio 
from circular tubes to parallel planes. 

Consider steady fully developed tur- 
bulent flow (no entrance effects) in a 
concentric annulus made up of tubes 
of radii rl and r2 (see Figure 1). The 
turbulent velocity profile is not sym- 
nietrical in the annular gap, but the 
point of maximum velocity r,,,, is dis- 
placed toward the axis. A iorce bal- 
ance on an element of annular fluid 
shows that for steady flow the shear 
stresses at the inner and outer walls 
of the annular duct are related as fol- 
lows: 

Fig. 1. Cross section of coneentric annulus. 

where a = rJr2 and 

(9) that for turbulent flow 

= rnlnx/r3.  
It has been shown experimentally 

or, in dimensionless form 
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ducts) on the equivalent diameter de- 
fined as four times the cross-sectional 
area divided by the wetted perimeter. 
Thus for annuli 
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On the basis of these definitions the 
friction factor-Reynolds number rela- 
tionship for annuli is approximately 
the same as for circular tubcs. Empiri- 
cal correlations of data however have 
also included some function of the 
radius ratio (2) .  The friction factor as 
defined above bears no direct relation 
ljn the form of Equation (2) 1 to the 
shear stress at either wall of the annu- 
lus, and therefore i factors for either 
wall cannot be obtained from the fric- 
rion factor by Equation (1). 

Clearly some expression is needed 
to directly predict the shear stress ex- 
isting at each wall. Rothfus, et al. ( 9 )  
defined two friction factors for annuli 
as follows: 

These workers determined that 

(7) 

1 - a' 
In a' 

1 
-= 4.0 log [ ( N n e ) ,  d&] - 0.40 

(4) A"-- 
,- 

Vfi 
(9) This position of the maximum velocity 

for turbulent flow is the same as the 
theoretically derived position for lam- 
inar flow ( 3 ) .  

base the friction factor and Reynolds 
number for annuli (and noncircular (Continued on page 567) 

where the Reynolds number ( N X ~ ) ~  is 
based on the equivalent diameter of 

It has been common practice to the outer portion of the annular stream 
in the region r 2 ~ r ~ r m . , x .  Hence 
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Fig. 2. Plots of various functions. 

Equation (9)  is the same as the Nik- 
uradse (8) friction factor equation for 
smooth circular tubes and is closely ap- 
proximated by the following less-com- 
plicated relationships: 

f z  = 0.046 (NR~);' . '  (11) 

f i  = 0.079 ( N R ~ ) ~ - O . ~  (12) 
On the basis of the definition of 

friction factors given in Equations (7)  
and (8) one can now apply Equation 
(1) to the inner and outer walls of the 
annulus as follows: 

(14) 
On the basis of definitions given pre- 

viously it can be shown that 

The relationships given in Equations 
(15), (16), and (17) give informa- 
tion concerning the way that the fric- 
tion factors f i  and f z  vary as the radius 
ratio a varies from 0 (circular tube) to 
1 (infinite parallel planes). This in- 
volves the manner in which the func- 
tions (1-a)/(l-A') and (Aa-az)/ 
a(  1 - ha) vary. Values of these func- 
tions are plotted in Figure 2. It is 
worthwhile to note that the function 
(1 - a )  / (1 - A') has a value of unity 
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at both a = 0 and a = 1, whereas (xa 
- a') / a (  1 - A") is infinite at a = 0 
and becomes unity at a = 1. 

The friction factor is plotted as a 
function of the radius ratio at constant 
( N R . ) "  = lo4 in Figure 2. The physi- 
cal situation represented by this plot is 
correct. At constant ( N R ~ ) ~ ,  f 2  is con- 
stant, while f l  is a function of the 
radius ratio and becomes infinite as 
a* 0. This does not mean that friction 
losses become infinite, since as a+ 0 
the area of the inner tube approaches 
zero, and in the limit an infinite shear 
stress acts upon zero area. The friction 
factor f represents the combined effect 
of f l  and f a .  It  is seen that f = f z  at 
a = 0 (circular tube) and at a = 1 
(parallel planes) and goes through a 
maximum value at a = 0.11. These 
results are in good agreement with 
those recently presented by Meter and 
Bird ( 5 ) .  The broken line in Figure 2 
represents the predictions of these 
workers. It is seen that their friction 
factors are up to 5% greater than 

those given by the solid curve, but the 
shape of the two lines is identical. 

The i factor for both the inner and 
outer walls are plotted in Figure 3. 
The solid curve represents a plot of 
either 

l - a  
(in)' vs. N R . /  (-) 1 - A' 

or 

( A z - - a "  ) a(  1 - A') 

l - a  
1 - A' 

VS. NRe/ (-) 
This curve may be used to obtain 
either the inner or outer i factor for 
an annular duct of any radius ratio and 
Reynolds number N R .  = 2bU/u.  (Note 
that in this definition of the Reynolds 
number b represents the thickness of 
the annular gap which becomes the 
distance between parallel planes when 
the radius ratio becomes unity.) 

The curve is plotted from Equa- 
tion (9) .  If one uses Equation (11), 
an explicit relation for (j.). and ( i f f) .  
may be obtained. Thus 

f i  A'- a' f z  
(ja), = - = 

2 a(1-A') 2 
= 0.023 N,;".' ( -) 1 - a 0.2 

1 - A' 

AZ - a" 

Use of Equations (18) and (19) gives 
values of j factor which are within 
6% of the curve in Figure 3 at N R e /  
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Abstract: An approach which utilizes the polarity number and the path number 
for the calculation of normal boiling paints of saturated aliphatic hydrocarbons 
has been extended to include the calculation of the critical constants of these 
substahces. Relationships were first established for the critical properties of the 
normpl paraffins. The differences between the critical properties of a normal pa- 
raffin and of an isomeric aliphatic hydrocarbon containing the same number of 
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(z) = 
and 10' and con- 

siderably closer to the curve at inter- 
mediate Reynolds numbers. 

Several empirical equations have 
been proposed for predicting heat 
transfer coefficients in annuli, and at- 
tempts have been made to account for 
the radius ratio. An equation com- 
monly recommended is of the form 

= C Nn;"" (a)*'' (20)  

Monrad and Pelton (7) give n = 0.53 
on the basis of the variation of the two 
factors on the right side of Equation 
(20). Weigand (11 ) gives n = 0.45, 
while Stein, et al. (10) give n = 0.50. 
Values of C range from 0.020 to 0.023. 
All equations of the form of Equation 
(20) agree with the solid line of Fig- 
ure 3 quite well, except at extreme 
values of the radius ratio. 

Experimental heat transfer data ob- 
tained by various workers (4, 7, 10) 
at values of a between 0.058 and 
0.811 are plotted in Figure 3. The 
majority of the points lie within ? 
10% of the solid line, although there 
is somewhat more scatter in the vicin- 
ity of ( N n . ) ,  = 10'. The solid curve 
therefore may be used to predict 1 
factors for annuli of any radius ratio. 

The results described herein are 
summarized as follows: 

1. Previous workers (9) have shown 
that Equation (9) is satisfactory for 
predicting values of fE from which f, 
and f may be calculated from Equa- 
tions (15) and (17). 

2. Employing Colburn's analogy one 
may obtain the j factor at each wall of 
the annulus from Figure 3. This pro- 
cedure is restricted to fluids with 
Prandtl numbers greater than 0.6. 

3. The single curve in Figure 3 
may be used for annuli of any radius 
ratio from circular tube ( ( 1  = 0)  to 
parallel planes ( a  = 1 ) . 

NOTATION 

= radius ratio, r,/r2 
= gap between inner and outer 

tubes of annulus, ft. 
= heat capacity at constant pres- 

sure, B.t.u./lb., O F .  
= Fanning friction factor 
= mass velocity, I b d h r .  sq.ft. 
= gravitational conversion fac- 

= heat transfer coefficient, B.t.u./ 

= j factor for heat transfer 
= thermal conductivity, B.t.u./ 

= Reynolds number defined by 

tor, lb.", ft./lb., sec." 

hr. sq.ft. O F .  

sec. sq.ft. "F./ft. 

Equation (5) 
(Continued on page 575) 
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( N R e ) ,  = Reynolds number defined 

- ( d P , / d x )  = pressure gradient due to 

r = radius, ft. 
rmax = radius a t  point of maximum 

U = average velocity of fluid in 

Greek Letters 
X = r,,,/r, 
p = viscosity, lb..,/ft. sec. 
Y = kinematic viscosity, sq.ft./sec. 
p = density, lb .,,, /cu.ft. 

= shear stress at  the wall, 1b.J 

Subscripts 1 and 2 refer to inner and 
outer wall of annulus, respectively. 

by Equation (10) 

friction, lb.,/cu.ft. 

velocity, ft. 

duct, ft./sec. 

sq.ft. 
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Abstract: Heat transfer from a uniformly heated cylinder to a power-law non-New- 
tonian fluid has been studied in a water tunnel, with a dilute solution of carboxy- 
methyl cellulose (CMC) in water. The experiments were restricted to CMC solutions 
which follow the power law and which, to all appearances, do not show viscoelas- 
tic effects. The experiments were performed under laminar boundary-layer flow con- 
ditions with the axis of the cylinder normal to the flow. Experimentally measured 
temperature distributions at the surface of the cylinder are compared with the re- 
sults of a theoretical analysis which only requires, for each fluid, the independent 
evaluation of the rheological parameters of the power law. 
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